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1. Introduction

It is well known that superstrings are not consistent on any background field. In the

simplest case of a closed bosonic string coupled to a curved background, the quantum

preservation of the Weyl symmetry implies that the background metric satisfies the Einstein

equations plus α′-corrections. The Weyl symmetry preservation can be seen as the absence

of ultra-violet (UV) divergences in the quantum effective action [1].

In the case of superstrings in curved background, the preservation of Weyl symmetry

at the quantum level is much more involved, although the case where only Neveu Schwarz-

Neveu Schwarz background fields are turned on is very similar to the bosonic string case [2].

Once we allow the full supersymmetric multiplet to be turned on, we need a manifestly

supersymmetric space-time sigma model in order to study the corresponding quantum

regime. The Green-Schwarz formalism provides us with a sigma model action which is

manifestly space-time supersymmetric, nevertheless, one does not manifestly preserve this

symmetry if one tries to quantize.

There exists another formalism for the superstring which does not suffer of this dis-

advantage, known as the pure spinor formalism [3]. In this formalism the space-time

supersymmetry is manifest and the quantization is straightforward by requiring a BRST-

like symmetry. We will briefly discuss the basics of this model in section 2, now let us

mention what have been done to check the consistency of this formalism. The spectrum

of the model is equivalent to the Green-Schwarz spectrum in the light-cone gauge [4] and
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it also allows to find the physical spectrum in a manifestly super-Poincaré covariant man-

ner [5]. The pure spinor formalism is suitable to describe strings in background fields with

Ramond-Ramond fields strengths turned on, as it happens on anti-de Sitter geometries.

In this case, it has been checked the classical [6] and the quantum BRST invariance of the

model [7] as well as its quantum conformal invariance [8, 7] (see also [9] and [10]).

The superstring in the pure spinor formalism can be coupled to a generic supergravity

background field, as it was shown in [11], where a sigma model action was written for

the Heterotic and Type II superstrings. Here, the classical BRST invariance puts the

background fields on-shell. In the heterotic string case, the background fields satisfy the ten-

dimensional N=1 supergravity equations plus the super Yang-Mills equations in a curved

background. In the type II case, the background fields satisfy the ten-dimensional type II

supergravity equations. Of course, it could be very interesting to obtain α′-corrections to

these equations in this formalism by requiring the quantum preservation of some symmetries

of the classical sigma-model action. Since the lowest order in α′ BRST symmetry puts the

background fields on shell, one expects that the equations of motion for the background

fields derived from the beta function calculation are implied by the BRST symmetry. This

property was verified for the heterotic string, in whose case, the classical BRST symmetry

implies one-loop conformal invariance [12]. In this paper we show that the same property

is also valid for the Type II superstring1.

In section 2 we review the type II sigma-model construction of [11]. In section 3

we expand the action by using a covariant background field expansion. In section 4 we

determine the UV divergent part of the effective action at the one-loop level and finally,

in section 5, we use the expanded action of section 3, to write from the UV divergent part

found in section 4, the beta functions for the Type II superstring. Then we show that

beta functions vanish after using the constraints on the background fields implied by the

classical BRST invariance of the sigma-model action2.

2. Classical BRST constraints

The pure spinor closed string action in flat space-time is defined by the superspace co-

ordinates Xm with m = 0, . . . , 9 and the conjugate pairs (pα, θα), (p̃α, θ̃α) with (α,α) =

1, . . . , 16. For the type IIA superstring the spinor indices α and α have the opposite chi-

rality while for the type IIB superstring they have the same chirality. In order to define

a conformal invariant system we need to include a pair of pure spinor ghost variables

(λα, ωα) and (λ̃α, ω̃α). These ghosts are constrained to satisfy the pure spinor conditions

(λγmλ) = (λ̃γmλ̃) = 0, where γm
αβ and γm

αβ
are the 16 × 16 symmetric ten dimensional

gamma matrices. Because of the pure spinor conditions, ω and ω̃ are defined up to

δω = (λγm)Λm and δω̃ = (λ̃γm)Λ̃m. The quantization of the model is performed after

1There is a more recent development [13] with an even richer world-sheet structure, called non-minimal

pure spinor formalism, which is interpreted as a critical topological string. Nevertheless, in this paper we

restrict to the so called minimal pure spinor formalism of [3].
2In a similar way, using the he hybrid formalism [14], in [15] and [16] were derived the type II 4D

supergravity equations of motion in superspace by requiring superconformal invariance.

– 2 –



J
H
E
P
0
1
(
2
0
0
7
)
0
4
2

the construction of the BRST-like charges Q =
∮

λαdα, Q̃ =
∮

λ̃αd̃α, here dα and d̃α are

the world-sheet variables corresponding to the N = 2 D = 10 space-time supersymmetric

derivatives and are supersymmetric combinations of the space-time superspace coordinates

of conformal weights (1, 0) and (0, 1) respectively. The action in flat space is a free action

involving the above fields, that is

S =
1

2πα′

∫
d2z (

1

2
∂Xm∂Xm + pα∂θα + p̃α∂θ̃α) + Spure, (2.1)

where Spure is the action for the pure spinor ghosts.

In a curved background, the pure spinor sigma model action for the type II super-

string is obtained by adding to the flat action of (2.1) the integrated vertex operator for

supergravity massless states and then covariantizing respect to ten dimensional N = 2

super-reparameterization invariance. The result of doing this is

S =
1

2πα′

∫
d2z (

1

2
ΠaΠ

b
ηab +

1

2
ΠAΠ

B
BBA + dαΠ

α
+ d̃αΠα + (λαωβ)Ωα

β + (λ̃αω̃β)Ω̃α
β

+dαd̃βPαβ + (λαωβ)d̃γCα
βγ + (λ̃αω̃β)dγC̃α

βγ + (λαωβ)(λ̃αω̃β)Sαα
ββ)+Spure + SFT ,

(2.2)

where ΠA = ∂ZMEM
A,Π

A
= ∂ZMEM

A with EM
A the supervielbein and ZM are the

curved superspace coordinates, BBA is the super two-form potential. The connections ap-

pears as Ωα
β = ∂ZMΩMα

β = Π
A
ΩAα

β and Ω̃α
β = ∂ZM Ω̃Mα

β = ΠAΩ̃Aα
β. They are

independent since the action of (2.2) has two independent Lorentz symmetry transforma-

tions. One acts on the α-type indices and the other acts on the α-type indices. Spure is

the action for the pure spinor ghosts and is the same as in the flat space case of (2.1).

As was shown in [11], the gravitini and the dilatini fields are described by the lowest

θ-components of the superfields Cα
βγ and C̃α

βγ , while the Ramond-Ramond field strengths

are in the superfield Pαβ . The dilaton is the theta independent part of the superfield Φ

which defines the Fradkin-Tseytlin term

SFT =
1

2π

∫
d2z r Φ, (2.3)

where r is the world-sheet curvature. Because of the pure spinor constraints, the superfields

in (2.2) cannot be arbitrary. In fact, it is necessary that

ΩAα
β = ΩAδα

β +
1

4
ΩAab(γ

ab)α
β , Ω̃Aα

β = Ω̃Aδα
β +

1

4
Ω̃Aab(γ

ab)α
β,

Cα
βγ = Cγδα

β +
1

4
Cab

γ(γab)α
β , C̃α

βγ = C̃γδα
β +

1

4
C̃ab

γ(γab)α
β ,

Sαα
ββ = Sδα

βδα
β +

1

4
Sab(γ

ab)α
βδα

β +
1

4
S̃ab(γ

ab)α
βδα

β +
1

16
Sabcd(γ

ab)α
β(γcd)α

β. (2.4)

The action of (2.2) is BRST invariant if the background fields satisfy suitable con-

straints. As was shown in [11], these constraints imply that the background field satisfy

the type II supergravity equations. The BRST invariance is obtained by requiring that

the BRST currents jB = λαdα and j̃B = λ̃αd̃α are conserved. Besides, the BRST charges

Q =
∮

jB and Q̃ =
∮

j̃B are nilpotent and anticommute. Let us review these properties

now.
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2.1 Nilpotency

As was shown in [11] (see also [17]), nilpotency is obtained after defining momentum

variables in (2.2) and then using the canonical Poisson brackets. The only momentum

variable that does not appear in (2.2) is the conjugate momentum of ZM which is defined

as PM = (2πα′)δS/δ(∂0Z
M) where ∂0 = 1

2(∂ + ∂). It is not difficult to see that ωα is the

conjugate momentum to λα and that ω̃α is the one for λ̃α. Nilpotence of Q determines the

constraints

λαλβHαβA = λαλβλγRαβγ
δ = λαλβR̃αβγ

δ = 0,

λαλβTαβ
a = λαλβTαβ

γ = λαλβTαβ
γ = 0, (2.5)

where H = dB, the torsion TAB
α and RABγ

δ are the torsion and the curvature constructed

using ΩAβ
γ as connection. Similarly, TAB

γ and R̃ABγ
δ are the torsion and the curvature

using Ω̃Aβ
γ as connection.

The nilpotence of the BRST charge Q̃ leads to the constraints

λ̃αλ̃βHαβA = λ̃αλ̃βRαβγ
δ = λ̃αλ̃βλ̃γR̃αβγ

δ = 0,

λ̃αλ̃βTαβ
a = λ̃αλ̃βTαβ

γ = λ̃αλ̃βT̃αβ
γ = 0. (2.6)

Finally, the anticommutation between Q and Q̃ determines

HαβA = Tαβ
a = Tαβ

γ = Tαβ
γ = λαλβRγαβ

δ = λ̃αλ̃βR̃γαβ
δ = 0. (2.7)

Note that given the decomposition (2.4) for the connections, we can respectively write

RDCα
β = RDCδα

β +
1

4
RDCef (γef )α

β,

R̃DCα
β = R̃DCδα

β +
1

4
R̃DCef (γef )α

β. (2.8)

2.2 Holomorphicity

The holomorphicity of jB and the antiholomorphicity of j̃B constraints are determined

after the use of the equations of motion derived from the action (2.2). The equation for

the pure spinor ghosts are

∇λα + λβ(d̃γCβ
αγ + λ̃αω̃βSβα

αβ) = 0, ∇ωα − (d̃γCα
βγ + λ̃αω̃βSαα

ββ)ωβ = 0, (2.9)

and

∇λ̃α + λ̃β(dγC̃β
αγ + λαωβSαβ

βα) = 0, ∇ω̃α − (dγC̃α
βγ + λαωβSαα

ββ)ω̃β = 0, (2.10)

where ∇ is a covariant derivative which acts with Ω or Ω̃ connections according to the

index structure of the fields it is acting on. For example,

∇Pαβ = ∂Pαβ + P γβΩγ
α + PαγΩ̃γ

β.
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The variations respect to dα and d̃α provide the equations

Π
α

+ d̃βPαβ + λ̃αω̃βC̃α
βα = 0, Πα − dβP βα + λαωβCα

βα = 0. (2.11)

The most difficult equations to obtain are those coming from the variation of the superspace

coordinates. Let us define σA = δZMEM
A, then it is not difficult to obtain

δΠA = ∂σA − σBΠCEB
MEC

N∂[NEM ]
A(−1)C(B+M).

Here we can express this variation in terms of the connection Ω . In fact,

δΠA = ∇σA − σBΠC(TCB
A + ΩBC

A(−1)BC ).

There is a point about our notation for the torsion that we should make clear. Using

tangent superspace indices, the torsion can be written as

TBC
A = −EB

N (∂NEC
M )EM

A+(−)BCEC
N (∂NEB

M )EM
A+ΩBC

A−(−)BCΩCB
A. (2.12)

In our notation, TBC
α will mean that the connection in (2.12) is ΩCβ

α while TBC
α

means that the connection in (2.12) is Ω̃Cβ
α. Since we also have two connections with

bosonic tangent space index ΩCb
a and Ω̃Cb

a, we use TBC
a to denote the torsion when we

use the first and T̃BC
a to denote the torsion when we use the second.

We vary the action (2.2) under these transformations and, after using the equations

(2.10), (2.11) and some of the nilpotence constraints, we obtain

∇dα = −
1

2
ΠaΠ

b
(Tα(ba) + Hαba) +

1

2
ΠβΠ

a
(Tβαa − Hβαa) − dβΠ

a
Taα

β

−d̃βΠa(Taα
β +

1

2
P γβ(Tγαa + Hγαa))

+λβωγΠ
a
Raαβ

γ + λ̃βω̃γΠa(R̃aαβ
γ −

1

2
C̃β

γδ(Tδαa + Hδαa))

−d̃βΠγ(Tγα
β +

1

2
P δβHδγα) + λβωγΠ

δ
Rδαβ

γ + λ̃βω̃γΠδ(R̃δαβ
γ +

1

2
C̃β

γρHρδα)

+dβ d̃γ(P δγTδα
β −∇αP βγ) + λ̃βω̃γdδ(∇αC̃β

γδ + C̃β
γρTρα

δ + P δρR̃ραβ
γ) (2.13)

+λβωγ d̃δ(∇αCβ
γδ−P ρδRραβ

γ)−λβωγλ̃δω̃ρ(∇αSβδ
γρ+Cβ

γσR̃σαδ
ρ+C̃δ

ρσRσαβ
γ),

and

∇d̃α = −
1

2
ΠaΠ

b
(Tα(ba) + Hαba) +

1

2
ΠaΠ

β
(Tβαa + Hβαa) − d̃βΠaTaα

β

−dβΠ
a
(Taα

β −
1

2
P βγ(Tγαa − Hγαa))

+λ̃βω̃γΠaR̃aαβ
γ + λβωγΠ

a
(Raαβ

γ −
1

2
Cβ

γδ(Tδαa − Hδαa))

−dβΠ
γ
(Tγα

β +
1

2
P βδHγδα) + λ̃βω̃γΠδR̃δαβ

γ + λβωγΠ
δ
(Rδαβ

γ +
1

2
Cβ

γρHδρα)

+dβ d̃γ(P βδTδα
γ −∇αP βγ) + λβωγ d̃δ(∇αCβ

γδ + Cβ
γρT̃ρα

δ − P ρδRραβ
γ) (2.14)

+λ̃βω̃γdδ(∇αC̃β
γδ + P δρR̃ραβ

γ)−λβωγλ̃δω̃ρ(∇αSβδ
γρ+Cβ

γσR̃σαδ
ρ+C̃δ

ρσRσαβ
γ).
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From these equations, (2.9), (2.10) and also two equations in (2.7) we obtain the holomor-

phicity constraints. In fact, ∇jB = 0 implies

Tα(ab) = Hαab = Tαβa − Hαβa = Taα
β

= Taα
β + P γβTγαa = λαλβRaαβ

γ = 0, (2.15)

R̃aαβ
γ − C̃β

γδTδαa = Tγα
β +

1

2
P δβHδγα = R̃δαβ

γ +
1

2
C̃β

γρHρδα

= P δγTδα
β −∇αP βγ − Cα

βγ = 0,

∇αC̃β
γδ+C̃β

γρTρα
δ+P δρR̃ραβ

γ−Sαβ
δγ = λαλβ(∇αCβ

γδ − P ρδRραβ
γ) = 0,

λαλβ(∇αSβδ
γρ+Cβ

γσR̃σαδ
ρ+C̃δ

ρσRσαβ
γ) = 0, (2.16)

and ∇j̃B = 0 implies

Tα(ab) = Hαab = Tαβa + Hαβa = Taα
β = Taα

β − P βγTγαa = λ̃αλ̃βR̃aαβ
γ = 0,

Raαβ
γ − Cβ

γδTδαa = Tγα
β +

1

2
P βδHγδα = Rδαβ

γ +
1

2
Cβ

γρHδρα

= P βδTδα
γ −∇αP βγ + C̃α

γβ = 0,

∇αCβ
γδ + Cβ

γρTρα
δ − P ρδRραβ

γ − Sβα
γδ = λ̃αλ̃β(∇αC̃β

γδ + P δρR̃ραβ
γ) = 0,

λ̃αλ̃β(∇αSδβ
ργ + Cδ

ρσR̃σαβ
γ + C̃β

γσRσαδ
ρ) = 0. (2.17)

2.3 Solving the Bianchi identities

We can gauge-fix some of the torsion components and determine others through the use of

Bianchi identities. It is not necessary but it will simplify the computation of the one-loop

beta functions. As in [11], we can set Hαβγ = Hαβγ = Hαβγ = Hαβγ = 0 since there is

no such ten-dimensional superfields satisfying the constrains of (2.15) and (2.17). We can

use the Lorentz rotations to gauge fix Tαβ
a = γa

αβ and Tαβ
a = γa

αβ
, therefore the above

constraints imply Hαβa = (γa)αβ and Hαβa = −(γa)αβ. We can use the shift symmetry of

the action (2.2)

δdα = δΩαβ
γλβωγ , δd̃α =δΩ̃αβ

γλ̃βω̃γ , δCα
βγ =P δγδΩδα

β, δC̃α
βγ =−P γδδΩ̃δα

β,

δSαβ
γδ = Cα

γρδΩ̃ρβ
δ + C̃β

δρδΩρα
γ ,

to gauge-fix Tαβ
γ = Tαβ

γ = 0.

The Bianchi identity for the torsion is

(∇T )ABC
D ≡ ∇[ATBC]

D + T[AB
ETEC]

D − R[ABC]
D = 0, (2.18)

where brackets in (2.18) mean (anti-)symmetrization respect to the ABC indices. The

curvature will be R or R̃ if the upper index D is δ or δ respectively. When D = d, we use

the notation (∇T )ABC
d or (∇T̃ )ABC

d, if we use the connection ΩBc
a or Ω̃Bc

a; then the

curvatures in each case will be R or R̃.

The Bianchi identity (∇T )αβγ
a = 0 implies Tαab = 2(γab)α

βΩβ. Similarly, the Bianchi

identity (∇T̃ )αβγ
a = 0 implies T̃αab = 2(γab)α

βΩ̃β. The Bianchi identity (∇T )αβγ
a = 0

– 6 –
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implies Ω̃α = T̃αa
b = 0. Similarly, the Bianchi identity (∇T )αβγ

a = 0 implies Ωα = Tαa
b =

0. It is not difficult to show that the constraints Taα
α = Taα

α = 0 imply Ωa = Ω̃a = 0.

We can write two sets of Bianchi identities for H depending on what is the connection

we choose in the covariant derivative. Note that the components of the superfield H do

not depend on such choice. The Bianchi identities come from ∇H = 0 and ∇̃H = 0 and it

is not difficult to check that both sets are equivalent. Let us write only one of them

(∇H)ABCD ≡ ∇[AHBCD] +
3

2
T[AB

EHECD] = 0. (2.19)

There is one more Bianchi identity involving a derivative of the curvature

(∇R)ABCD
E ≡ ∇R[ABC]D

E + T[AB
F RFC]D

E = 0. (2.20)

The identities (∇H)αβγδ , (∇H)αβγδ , (∇H)αβγδ, (∇H)αβγδ, (∇H)αβγδ are easily satis-

fied if we recall the identities for gamma matrices γa
(αβ

(γa)γ)δ = γa
(αβ

(γa)γ)δ = 0. The iden-

tities (∇H)aαβγ , (∇H)aαβγ , (∇H)aαβγ , (∇H)aαβγ are satisfied after using the dimension-
1
2 constraints. The identity (∇H)abαβ = 0 implies Tabc + Habc = 0 and the identity

(∇̃H)abαβ = 0 implies T̃abc − Habc = 0. The identity (∇H)abαβ = 0 is satisfied if we

use the constraints involving the superfield Pαβ in the first lines of (2.15) and (2.17).

2.4 The remaining equation of motion

In the computation of the one-loop beta function we will need to know the equation of

motion for Πa and Π
a
. Since we know that the difference ∇Π

a
− ∇Πa is given by the

torsion components, then we only need to determine ∇Π
a

+ ∇Πa which is determined by

the varying the action respect to σa = δZMEM
a. To make life simpler we will write this

equation using the above results for torsion and H components. The equation turns out

to be

1

2
(∇̃Πa + ∇Πa) =

1

2
ΠbΠ

c
Hcba −

1

2
ΠαΠ

b
Tαab + dαΠ

b
Tab

α + λαωβΠ
b
Rabα

β

+d̃αΠb(Tab
α +

1

2
P βαTβab) + λ̃αω̃βΠb(R̃abα

β +
1

2
C̃α

βγTγab)

+
1

2
d̃αΠβTaβ

α +
1

2
λ̃αω̃βΠγR̃aγα

β

+
1

2
dαΠ

β
Taβ

α +
1

2
λαωβΠ

γ
Raγα

β + dαd̃β∇aP
αβ + λαωβd̃γ(∇aCα

βγ − P δγRaδα
β)

+λ̃αω̃βdγ(∇aC̃α
βγ + P γδR̃aδα

β) + λαωβλ̃γω̃δ(∇aSαγ
βδ − C̃γ

δρRaρα
β − Cα

βρR̃aργ
δ).(2.21)

2.5 Ghost number conservation

As it was shown in [11], the vanishing of the ghost number anomaly determines that the

spinorial derivatives of the dilaton superfield Φ are proportional to the connection Ω. This

relation is crucial to cancel the beta function in heterotic string case [12] and will be equally

essential in our computation. Let us recall how this relation is obtained. Consider the

coupling between ghost number currents and the connections in the action (2.2). Namely

1

2πα′

∫
d2z (JΩ + J̃Ω).

– 7 –
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The BRST variation on this term contains the term

−
1

2πα′

∫
d2z (∂JλαΩα + ∂J̃λαΩ̃α).

The anomaly in the ghost number current conservation turns out to be proportional to the

two dimensional Ricci scalar, as noted by dimensional grounds. The proportionality can

be determined by performing a Weyl transformation, around the flat world-sheet, of the

anomaly equation. In this way, the triple-pole in the OPE between the current and the

corresponding stress tensor yields

∇αΦ = 4Ωα, ∇αΦ = 4Ω̃α, (2.22)

which will be used in section 5 to cancel the UV divergent part of the effective action.

3. Covariant background field expansion

We use the method explained in [18] and [12]. Here, we need to define a straight-line

geodesic which joins a point in superspace to neighbor ones and allows us to perform an

expansion in superspace. It is given by Y A which satisfies the geodesic equation ∆Y A =

Y B∇BY A = 0. The connection we choose to define this covariant derivative has the non-

vanishing components ΩAa
b,ΩAα

β and Ω̃Aα
β. These same connections are defined in the

action (2.2). In this way, the covariant expansions of the different objects in (2.2) are

determined by

∆ΠA = ∇Y A − Y BΠCTCB
A, ∆Ωα

β = −Y AΠ
B

RBAα
β , ∆Ω̃α

β = −Y AΠBR̃BAα
β.

(3.1)

Any superfield Ψ is expanded as ∆Ψ = Y A∇AΨ.

As in [12], we see that dα, d̃α and the pure spinor ghosts are treated as fundamental

fields, then we expand them according to

dα = dα0 + d̂α, λα = λα
0 + λ̂α, ωα = ωα0 + ω̂α,

d̃α = d̃α0 +
̂̃
dα, λ̃α = λ̃α

0 +
̂̃
λ

α

, ω̃α = ω̃α0 + ̂̃ωα, (3.2)

where the subindex 0 means the background value of the corresponding field which will

dropped in the subsequent discussion.

The quadratic part of the expansion of (2.2), excluding the Fradkin-Tseytlin term, has

the form

S2 = Sp +
1

2πα′

∫
d2z (Y AY BEBA + Y A∇Y BCBA + Y A∇Y BCBA + d̂αY ADA

α

+
̂̃
dαY ADA

α + (λ̂αω̂β)Hα
β + (

̂̃
λ

α ̂̃ωβ)Hα
β + (λ̂αωβ + λαω̂β)Y AIAα

β

+(
̂̃
λ

α

ω̃β + λ̃α ̂̃ωβ)Y AIAα
β + d̂α

̂̃
dβPαβ + (λ̂αωβ + λαω̂β)

̂̃
dγCα

βγ

+(
̂̃
λ

α

ω̃β + λ̃α ̂̃ωβ)d̂γC̃α
βγ + (λ̂αωβ + λαω̂β)(

̂̃
λ

γ

ω̃δ + λ̃γ ̂̃ωδ)Sαγ
βδ), (3.3)
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where EBA, CBA, . . . are background superfields given by

EBA =
1

4
ΠCΠ

D
(TCB

EHEDA(−1)D(C+B) − TDB
EHECA(−1)BC

+∇BHDCA(−1)B(C+D) + 2TCB
aTDAa(−1)D(C+B))

−
1

4
Π(aΠ

C)
(RCBAa − TCB

DTDAa + ∇BTCAa(−1)BC )

+
1

2
dαΠ

C
(−1)A+B(−RCBA

α + TCB
DTDA

α −∇BTCA
α(−1)BC )

+
1

2
d̃αΠC(−1)A+B(−RCBA

α + TCB
DTDA

α −∇BTCA
α(−1)BC )

+
1

2
λαωβΠ

C
(TCB

DRDAα
β −∇BRCAα

β(−1)BC)

+
1

2
λ̃αω̃βΠC(TCB

DRDAα
β −∇BRCAα

β(−1)BC) +
1

2
dαd̃β∇B∇APαβ

+
1

2
λαωβ d̃γ∇B∇ACα

βγ(−1)A+B +
1

2
λ̃αω̃βdγ∇B∇AC̃α

βγ(−1)A+B

+
1

2
λαωβλ̃γω̃δ∇B∇ASαγ

βδ, (3.4)

CBA = −
1

4
ΠaTBAa −

1

2
ΠCTCAaδ

a
B −

1

4
ΠAHCBA −

1

2
dαTBA

α(−1)A+B

−
1

2
λαωβRBAα

β, (3.5)

CBA = −
1

4
ΠbTBAa −

1

2
Π

C
TCAaδ

a
B +

1

4
ΠAHCBA −

1

2
d̃αT̃BA

α(−1)A+B

−
1

2
λ̃αω̃βR̃BAα

β, (3.6)

DA
α = −Π

B
TBA

α + d̃β∇APαβ(−1)A + λ̃βω̃γ∇AC̃β
γα, (3.7)

DA
α = −ΠBT̃BA

α − dβ∇AP βα(−1)A + λβωγ∇ACβ
γα, (3.8)

Hα
β = Ωα

β + d̃γCα
βγλ̃γ ω̃δSαγ

βδ, (3.9)

Hα
β = Ω̃α

β + dγC̃α
βγ + λγωδSγα

δβ , (3.10)

IAα
β = −Π

A
RBAα

β + d̃γ∇ACα
βγ(−1)A + λ̃γω̃δ∇ASαγ

βγ , (3.11)

IAα
β = −ΠBR̃BAα

β + dγ∇AC̃α
βγ(−1)A + λγωδ∇ASγα

δβ . (3.12)

In (3.3) Sp provides the propagators for the quantum fields and is given by

Sp =
1

2πα′

∫
d2z (

1

2
∇Y a∇Ya + d̂α∇Y α +

̂̃
dα∇Y α) + Lpure, (3.13)

where Lpure is the Lagrangian for the pure spinor ghosts.

4. The one-loop UV divergent part of the effective action

The effective action is given by

e−Seff =

∫
DQ e−S , (4.1)
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where Q represents the quantum fluctuations.

To compute the one-loop beta functions we need to expand (2.2) up to second order

in the quantum fields. In this way, we will obtain the UV divergent part of the effective

action, SΛ. Here Λ is UV scale. Note that the Fradkin-Tseytlin term is evaluated on a

sphere with metric Λdzdz̄. Finally, the complete UV divergent part of the effective action

becomes

SΛ +
1

2π

∫
d2z (∇Π

A
∇AΦ + Π

A
ΠB∇B∇AΦ) log Λ. (4.2)

The computation of SΛ is performed by contracting the quantum fields. From (3.13)

we read

Y a(z, z̄)Y b(w, w̄) → −α′ηab log |z − w|2 ,

d̂α(z)Y β(w) →
α′δα

β

(z − w)
,

̂̃
dα(z̄)Y β(w̄) →

α′δβ
α

(z̄ − w̄)
. (4.3)

For the pure spinor ghosts we note that, because of (2.4), they enter in the combinations

Nab =
1

2
(λγabω), J = λαωα, Ñab =

1

2
(λ̃γabω̃), J̃ = λ̃αω̃α.

We can expand each of these combinations as J + J1 + J2, similarly for J̃ , Nab and Ñab.

As in [12], the only relevant OPE’s involving the pure spinor ghosts and contributing to

SΛ are

Nab
1 (z)N cd

1 (w) →
1

(z − w)
(−ηa[cNd]b(w) + ηb[cNd]a(w)), (4.4)

Ñab
1 (z̄)Ñ cd

1 (w̄) →
1

(z̄ − w̄)
(−ηa[cÑd]b(w̄) + ηb[cÑd]a(w̄)). (4.5)

The one-loop contributions to SΛ come from self-contraction of Y A’s in the term with

EBA in (3.3) and a series of double contractions in (3.3). These come from products between

the term involving CBA with the one involving CBA, CBA with DA
β, CBA with DA

β , DA
β

with DA
β, EBA with Pαβ, ICα

β with Cα
βγ , ICα

β with C̃α
βγ and Sαγ

βδ with itself. After

adding up all these contributions, the one-loop UV divergent part of the effective action is

proportional to

∫
d2z[−ηabEba+ηa[cηd]bCbaCdc+ηabC[aα]Db

α+ηabC [aα]Db
α+Dα

βDβ
α+E[αβ]P

αβ (4.6)

+NabIαa
cCcb

α + ÑabIαa
cC̃cb

α+
1

2
NabÑ cdSa

e
c
fSbedf + ∇Π

A
∇AΦ+Π

A
ΠB∇B∇AΦ] log Λ,

where we used the expressions (2.4).

Now it will be shown that (4.6) vanishes as consequence of the classical BRST con-

straints.
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5. One-loop conformal invariance

To write the equations derived from the vanishing of (4.6), we need to determine ∇Π
A

from the classical equations of motion from (2.2). In order to do this, we need to know

∇ΠA −∇Π
A

= ΠBΠ
C
TCB

A. (5.1)

Note that we are using here the connection ΩA
B to calculate the covariant derivatives and

the torsion components.

The equation for ∇Πa is

∇Πa = ΠbΠ
c
Tabc − ΠαΠ

b
Tαab + d̃αΠbTab

α + dαΠ
b
Tab

α + λ̃αω̃βΠbR̃abα
β + λαωβΠ

b
Rabα

β

+d̃αΠβTaβ
α + λ̃αω̃βΠγR̃aγα

β + dαd̃β∇aP
αβ + λαωβ d̃γ(∇aCα

βγ − P δγRaδα
β)

+λ̃αω̃βdγ(∇aC̃α
βγ + P γδR̃aδα

β)+λαωβλ̃γω̃δ(∇aSαγ
βδ−C̃γ

δρRaρα
β−Cα

βρR̃aργ
δ).

(5.2)

Now we compute the equation for Π
α
. We start by noting that this world-sheet field is

determined from the equation of motion (2.11), then

∇Π
α

= −∇(d̃βPαβ + λ̃βω̃γC̃β
γα).

Remember that the covariant derivative on Pαβ and C̃α
βγ acts with Ωα

β on α-indices

and with Ω̃α
β on α-indices. Now we can use the equations (2.10) and (2.14) to obtain

∇Π
α

= dβ d̃γ(C̃δ
γβPαδ + P βδ∇δP

αγ) + λβωγ d̃δ(−Sβρ
γδPαρ + Cβ

γρ∇ρP
αδ)

−d̃βΠa∇aP
αβ − d̃βΠγ∇γPαβ + λ̃βω̃γdδ(C̃β

ρδC̃ρ
γα − C̃ρ

γδC̃β
ρα − P δρ∇ρC̃β

γα

−Pαδ(∇δC̃β
γδ + P δεR̃εδβ

γ)) + λβωγλ̃δω̃ρ(Sβδ
γσC̃σ

ρα − Sβσ
γρC̃δ

σα + Cβ
γσ∇σC̃δ

ρα

+Pαε(∇εSβδ
γρ + Cβ

γσR̃σεδ
ρ + C̃δ

ρσRσεβ
γ)) − λ̃βω̃γΠa(∇aC̃β

γα + R̃aδβ
γPαδ)

−λ̃βω̃γΠδSδβ
αγ . (5.3)

To obtain the equation for Π
α

we can use (5.1). After all this we get

∇Π
α

= dβ d̃γ(Cδ
βγP δα − P δγ∇δP

βα) + λ̃βω̃γdδ(Sρβ
δγP ρα − C̃β

γρ∇ρP
δα) (5.4)

+dβΠ
a
∇aP

βα + dβΠ
γ
∇γP βα + λβωγ d̃δ(Cβ

ρδCρ
γα − Cρ

γδCβ
ρα + P ρδ∇ρCβ

γα

+P δα(∇δCβ
γδ − P εδRεδβ

γ)) + λβωγλ̃δω̃ρ(Sβδ
σρCσ

γα − Sσδ
γρCβ

σα + C̃δ
ρσ∇σCβ

γα

+Pαε(∇εSβδ
γρ + Cβ

γγR̃γεδ
ρ + C̃δ

ρσRσεβ
γ)) − λβωγΠ

a
(∇aCβ

γα − Raεβ
γP εα)

−λβωγΠ
δ
Sβδ

γα + ΠaΠ
b
Tab

α − ΠβΠ
a
Taβ

α − d̃βΠaP γβTaγ
α − λ̃βω̃γΠaC̃β

γδTaδ
α.

5.1 Beta functions

Now we can obtain the equations for the background fields implied by the vanishing of the

beta functions. These are the background dependent expressions for the conformal weights
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(1, 1) independent couplings in (4.6). That is, all the independent combinations formed

from the products between (Πa,Πα, dα, λαωβ) and (Π
a
,Π

α
, d̃α, λ̃αω̃β) because Πα and Π

α

are determined from the equations of motion (2.11). Let us first concentrate on the beta

functions coming from the couplings to ΠAΠ
B

, dαΠ
B

and ΠAd̃β fields. After using the

results for the expansion (3.4)-(3.12) and the equations (5.2)-(5.4) in (4.6), the couplings

ΠαΠ
β
,ΠαΠ

b
,ΠaΠ

β
and ΠaΠ

b
lead respectively to a first set of equations

Tcβ
δTδα

c − Tcα
δTδβ

c + 4∇α∇βΦ = 0, (5.5)

∇dTαdb + Rαdebη
de + Tbc

δTδα
c + 4∇b∇αΦ = 0, (5.6)

Rβdeaη
de + Tac

δTδβ
c − Tcβ

δTδa
c + 4∇a∇βΦ = 0, (5.7)

ηcd(Racdb + Rbcda) −∇cTabc + Tc(a
αTb)α

c + 8Taα
βTbβ

α

+4Tab
c∇cΦ + 4Tab

α∇αΦ + 4∇a∇bΦ = 0. (5.8)

We wrote them by increasing their dimensions, that is, if Xa has dimension −1 and each

θα, θ̃α have dimension −1
2 , then the first has dimension 1, the second and third dimension 3

2

and the fourth dimension 2. The couplings to dαΠ
β
, Παd̃β , dαΠ

b
and Πad̃β lead respectively

to a second set of equations

∇cTcβ
α − 2∇βPαγ∇γΦ + 2Pαγ∇γ∇βΦ = 0, (5.9)

∇cTcα
β + 2∇αP γβ∇γΦ − 2P γβ∇γ∇αΦ = 0, (5.10)

∇cTcb
α − Tcd

αTb
cd + (Tδb

cTcγ
α − Rbγδ

α)P δγ + Tbγ
δ(3∇δP

αγ − 2Pαγ∇δΦ)

+2Tbc
α∇cΦ − 2∇bP

αγ∇γΦ = 0, (5.11)

∇cTca
β − 2Tcd

βTa
cd + P γβTα

deTade + R̃aγδ
βP γδ − Taγ

δ(3∇δP
γβ − 2P γβ∇δΦ)

+2Tac
β∇cΦ + 2∇aP

γβ∇γΦ = 0. (5.12)

The first two have dimension 2 and the second two have dimension 5
2 . Now we will

prove that these equations are implied by the classical BRST constraints, the Bianchi

identities (2.18) and the relations (2.22).

Firstly, it is important to know the expression for the scale curvature in terms of the

scale connection. This are found to be

Rαβ = ∇(αΩβ), Rαβ = ∇βΩα, Rαβ = 0,

Rab = Tab
γΩγ , Raβ = ∇aΩβ, Raβ = Taβ

γΩγ . (5.13)

R̃αβ = ∇(αΩ̃β), R̃αβ = ∇αΩ̃β, R̃αβ = 0,

R̃ab = Tab
γΩ̃γ , R̃aβ = ∇aΩ̃β, R̃aβ = Taβ

γΩ̃γ . (5.14)

Secondly, let us write some expressions useful for later use. We note that the Bianchi

identity (∇T )αab
c = 0, using (5.13) can be written as

Rα[ab]c = ∇αTabc − 2(γc[a)α
βRb]β + (γc)αβTab

β − TαdcTab
d − Tα[a

dTb]dc, (5.15)

– 12 –



J
H
E
P
0
1
(
2
0
0
7
)
0
4
2

now, we can use the identity

2Rαabc = Rα[ab]c + Rα[ca]b − Rα[bc]a, (5.16)

and the Bianchi identity (∇H)αabc = 0 to write (5.15) as

Rαabc = Ta[b
β(γc])βα − 2(γbc)α

βRaβ . (5.17)

An identical procedure starting with (∇T̃ )αab
c = 0 allows us to find

R̃αabc = Ta[b
β(γc])αβ − 2(γbc)α

βR̃aβ . (5.18)

Then, replacing (5.17) and (5.18) respectively in (∇T )aαβ
β = 0 and (∇T )aαβ

β = 0, we find

γb
αβTba

β = 8Raα, γb
αβ

Tba
β = 8R̃aα. (5.19)

We have enough information to show that the equations (5.5) , (5.6) and (5.7) are

satisfied. From the Bianchi identity (∇T )αβγ
β = 0 we obtain

Tαβ
dTdγ

β = 17Rαγ +
1

4
Rγβcd(γ

cd)α
β. (5.20)

Since we need an expression for Rγβcd, we can use (∇T )αβa
b = 0, finding

Rγβcd = 2(γcd)β
δ∇γΩδ + Tcγ

ε(γd)εβ + Tcβ
ε(γd)εγ . (5.21)

Replacing (5.21) in (5.20) ,using the second equation in (5.13) , ∇αΦ = 4Ωα and the

constraints coming from holomorphicity-antiholomorphicity of the BRST current Taβ
γ =

−(γa)βδP
δγ , Taβ

γ = (γa)βδP
γδ we can verify the equation (5.5).

To verify (5.6) and (5.7), we must contract the a and b indices using ηab in (5.17) and

(5.18), and use (5.19) together with the relations (2.22).

For deriving the remaining equation of the first set, the coupling to ΠaΠ
b
, it is useful

to find an expression for Rabcd, which can be found from the Bianchi identity (∇T )abα
β

Rabcd = −
1

8
(γcd)β

α(∇αTab
β − Tα[a

eTb]e
β − Tα[a

γTb]γ
β), (5.22)

from this equation we construct ηcd(Racdb + Rbcda):

ηcd(Racdb + Rbcda) = −
1

8
ηcd[(γdb)β

α∇αTac
β + (γda)β

α∇αTbc
β]

+
1

8
ηcd[(γdb)β

αTα[a
eTc]e

β + (γda)β
αTα[b

eTc]e
β]

+
1

8
ηcd[(γdb)β

αTα[a
εTc]ε

β + (γda)β
αTα[b

εTc]ε
β]. (5.23)

Let us consider the right hand side of (5.23) line by line. We can use (5.19) , the Bianchi

identity (∇R)αaδβ
γ to write

(γb)
δα∇αRaδ = −2∇a∇bΦ − 2Tab

γ∇γΦ − 2(γbγae)
δβΩβRe

δ − (γaγb)β
δP βεRεδ, (5.24)
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and the beta function with dimension 1 (5.5) to find the following expression for the first

line in the right hand side of (5.23)

−4∇b∇aΦ+2Tab
C∇CΦ−4ηab(γ

e)δβΩβReδ+4(γb)
δβΩβRaδ+4(γa)

δβΩβRbδ+
1

4
ηabη

cdTcβ
δT β

dδ
.

(5.25)

Finding an expression for the second line is a matter of gamma matrices algebra, once we

use (5.13) . For this line we find 1
4ηabTβcdT

cdβ− 3
4Tc(a

βTb)β
c. Using Taβ

γ = −(γa)βδP
δγ and

some gamma matrices algebra, it is straightforward to find Tβ(a
γTb)γ

b − 1
4ηabη

cdTdβ
γTcγ

β

for the third line. So, adding the results for the three lines and using (5.19) we find

ηcd(Racdb + Rbcda) = −4∇b∇aΦ − Tc(a
βTb)β

c + 2Tab
E∇EΦ + Tβ(a

γTb)γ
β, (5.26)

which contains some of the terms in (5.8) . It is also needed to use (∇T )abc
c = 0 in order

to generate the term ∇cTabc. This Bianchi identity gives

∇cTabc − Tc[a
eTb]e

c − Tc[a
εTb]ε

c − ηcd(Racdb − Rbcda) = 0. (5.27)

Finding an expression for ηcd(Racdb −Rbcda) is not difficult following the description given

to compute (5.26) . After we compute it and replace it in (5.27) we find

∇cTabc + Tβ[a
δTb]δ

β − 2Tab
c∇cΦ + 2Tab

γ∇γΦ − 2Tab
γ∇γΦ = 0. (5.28)

Combining (5.26) and (5.28) gives the desired beta function equation (5.8).

A similar procedure, but with more steps, is performed to prove the equations of the

second group. To probe (5.9) one can start by computing {∇α,∇β}P
γβ = −γc

γβ
∇cP

γβ +

R̃αβδ
βP γδ. Then we split the curvature as a scale curvature plus a Lorentz curvature. For

the latter, use (∇T̃ )αβc
d = 0 to obtain

R̃αβcd(γ
cd)δ

β = −180∇αΩ̃δ + (γcd)δ
β∇βT̃αcd + 16T̃δ

cdT̃αcd + (γcdγe)δαT̃ecd, (5.29)

so on one hand we will have

{∇α,∇β}P
γβ = −∇cTcα

γ + R̃αδP
γδ − 45∇αΩ̃δP

γδ +
1

4
(γcd)δ

β∇βT̃αcdP
γδ

−4T̃αcdT̃δ
cdP γδ +

1

4
(γcdγe)δαT̃ecdP

γδ. (5.30)

On the other hand, we can use ∇αP βγ = C̃α
γβ, C̃γ = −P γδΩ̃δ and C̃cd

γ = 1/10(γa)γαR̃aαcd,

which come from antiholomorphicity of the BRST current, to write

{∇α,∇β}P
γβ = −17∇αP γδΩ̃δ − 17P γδ∇αΩ̃δ +

1

40
(γa)γα∇β(R̃aαcd(γ

cd)α
β). (5.31)

Using (∇T̃ )αbcd = 0 and (∇̃H)αbcd = 0 it is straightforward to find

(γa)γαR̃aαcd = 10Tcd
γ − 10P γεT̃εcd. (5.32)
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Since there is a derivative acting on this terms in (5.31) , we make use of (∇T̃ )βcd
γ = 0 to

find

(γcd)α
β∇βTcd

γ = −18∇dTdα
γ + (γcdγe)αδT̃ecdP

γδ + 16T̃αcdTdc
γ . (5.33)

We can now replace the last two equations in (5.31) and equate it to (5.1) . The identity

(γab)(α
β(γab)γ)

δ = −10δ(α
βδγ)

δ + 8(γa)αγ(γa)
βδ, (5.34)

which can be proved using (γa)(αβ(γa)γ)δ = 0, will be of help to find (5.9). A completely

analog procedure allows us to arrive to (5.10).

To prove (5.11) we make use of the Bianchi identities (∇R)αabβ
γ = 0, (∇T )cαβ

γ = 0

and the identity (γa)
αβRαβγ

δ = −2(γa)
αβRγαβ

δ, which follows from (∇T )αβγ
δ = 0, to

arrive to

(γ)αβ(∇αRabβ
γ − 2Tα[a

eRb]eβ
γ − Tα[a

εRb]εβ
γ) − 8Tb

acTac
γ + 8∇aTab

γ + 2Tab
γ∇aΦ

−
1

8
(γ)αβ(γcd)ε

γRαβcdTab
ε + Tab

ε(γa)αβRεαβ
γ = 0. (5.35)

The last term in this equation is zero as can easily seen using (∇T )εαβ
γ = 0. The first

term can be worked out using (5.22) and (∇T )aεβ
γ = 0, the curvature in the first term of

the second line can be rewritten using (∇T )αβa
b = 0. The use of (∇T )cdb

δ = 0 will be also

needed to generate (5.11). Again, an analog procedure will allow at arrive to (5.12).

So far, we concentrated on a specific set of beta functions. The remaining ones can

be classified in a third and fourth sets. The third set involves first order derivatives of the

curvatures. We present it again as the dimension increases.

At dimension 5/2 we find respectively from the couplings to JΠ
β
, ΠαJ̃ , NacΠ

β
and

ΠαÑ bc

∇aRaβ + ∇(εRβ)δP
δε + 2(∇βCα − RβγP γα)∇αΦ + 2Cα∇α∇βΦ = 0, (5.36)

∇bR̃bα −∇(δR̃α)εP
δε + 2(∇αC̃β + R̃αγP βγ)∇βΦ + 2C̃β∇β∇αΦ = 0, (5.37)

∇dRdβac + ∇(εRβδ)acP
δε + 2(∇βCac

α − RβγacP
γα)∇αΦ + 2Cac

δ∇δ∇βΦ = 0, (5.38)

∇dR̃dαbc −∇(δR̃α)εbcP
δε + 2(∇αC̃bc

γ + R̃αδbcP
γδ)∇γΦ + 2C̃bc

γ∇γ∇αΦ = 0. (5.39)

While at dimension 3 we find respectively from the couplings to JΠ
b
, ΠaJ̃ , NacΠ

b
and

ΠaÑ bc

∇aRab − Tba
cRa

c + Tba
γRa

γ + 3Tbγ
α∇αCγ + 2Rbc∇

cΦ + 2RbαP γα∇γΦ

+2(∇bC
α − RbγP γα)∇αΦ + P δε(∇εRδb + Tbδ

cRεc + Tbε
γRδγ) = 0, (5.40)

∇bR̃ba + Tab
γR̃b

γ + TabcC̃
δTδ

bc + 3Taγ
β∇βC̃γ + 2R̃ab∇

bΦ − 2R̃aγP γβ∇βΦ

+2(∇aC̃
β + R̃aγP βγ)∇βΦ − P δε(∇δR̃εa + Tδa

cR̃εc + Taδ
γR̃εγ) = 0, (5.41)

∇dRdbac − Tb
deRdeac + Tb

dεRdεac + 3Tbδ
γ∇γCac

δ + 2Rbdac∇
dΦ + 2RbδacP

εδ∇εΦ

+2(∇bCac
δ − RbεacP

εδ)∇δΦ + 2RbδeaCc
eδ + P δε(∇εRδbac + Tbδ

fRεfac + Tbε
γRδγac) = 0,

(5.42)
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∇dR̃dabc + Ta
dεR̃dεbc + Tadf C̃bc

εTε
df + 3Taδ

ε∇εC̃bc
δ + 2R̃adbc∇

dΦ − 2R̃aδbcP
δε∇εΦ

+2(∇aC̃bc
δ + R̃aεbcP

δε)∇δΦ + 2R̃aδebC̃c
eδ − P δε(∇δR̃εabc + Taδ

f R̃ε fbc + Taδ
γR̃εγbc) = 0.

(5.43)

The fourth set involves second order derivatives of the background fields Pαβ, Cα
βγ ,

C̃α
βγ and Sαβ

γδ. There is an equation at dimension 3, coming from the coupling to dαd̃β

∇2Pαβ − 2P γδSγδ
αβ + Tde

αT deβ − 2∇γP δβ∇δP
αγ − 2∇cP

αβ∇cΦ

−2(P γδ∇δP
αβ + Pαδ∇δP

γβ)∇γΦ + 2(P δγ∇δP
αβ + P δβ∇δP

αγ)∇γΦ = 0. (5.44)

At dimension 7/2 we find respectively from the couplings to Jd̃β, dαJ̃ , Nacd̃β and dαÑ bc

∇2Cβ − Pαγ∇[α∇γ]C
β − Tac

βRac + 2Rγ
a∇aP

γβ + 2∇γPαβ∇αCγ − CαR̃αδε
βP δε

+Pαβ(∇cRα
c −∇[δRγ]αP δγ) − 2(∇aC

β − P γβRaγ)∇aΦ − 2(Pαβ∇αCγ + Pαγ∇αCβ

+PαβRαγP γγ)∇γΦ + 2(SPαβ +
1

4
S̃cd(γ

cd)ε
βPαε − Cγ∇γPαβ)∇αΦ = 0, (5.45)

∇2C̃α − P βγ∇[β∇γ]C̃
α − Tbc

αR̃bc − 2R̃γ
b∇bP

αγ − 2∇γC̃β∇βPαγ + C̃βRβεδ
αP δε

−Pαβ(∇cR̃β
c + ∇[δR̃γ]βP δγ) − 2(∇bC̃

α + PαγR̃bγ)∇bΦ + 2(Pαβ∇βC̃γ + P γβ∇βC̃α

+PαεR̃εγP γγ)∇γΦ − 2(SPαβ +
1

4
Scd(γ

cd)ε
αP εβ − C̃γ∇γPαβ)∇βΦ = 0, (5.46)

∇2Cac
β−P δε∇[δ∇ε]Cac

β−RdeacT
deβ−2Rdεac∇

dP εβ + 2∇δP
εβ∇εCac

δ−Cac
γR̃γδε

βP δε

−P ββ(∇dRdβac −∇[δRε]βacP
δε + 2RβδeaCc

eδ) + 2∇δCea
βCc

eδ

−2(∇dCac
β − P εβRdεac)∇

dΦ − 2(Cac
δ∇δP

γβ − SacP
γβ −

1

4
Sacbd(γ

bd)δ
βP γδ)∇γΦ

−2(P γβ∇γCac
δ + P γδ∇γCac

β − P εβRεγacP
γδ)∇δΦ = 0, (5.47)

∇2C̃bc
α − P δε∇[δ∇ε]C̃bc

α − R̃debcT
deα + 2R̃dεbc∇

dPαε − 2∇δC̃bc
ε∇εP

αδ + C̃bc
γRγεδ

αP δε

−Pαβ(∇dR̃dβbc−∇[δR̃ε]βbcP
δε+2R̃βδebC̃c

eδ)+2∇δC̃eb
αC̃c

eδ−2(∇dC̃bc
α+P εβR̃dβbc)∇

dΦ

+2(C̃bc
δ∇δP

αγ − S̃bcP
αγ −

1

4
Sadbc(γ

ad)δ
αP δγ)∇γΦ

+2(Pαβ∇βC̃bc
δ + P δβ∇βC̃bc

α + PαεR̃εγbcP
δγ)∇δΦ = 0. (5.48)

Finally, at dimension 4 we find from the couplings to JJ̃ , JÑac, NabJ̃ and NabÑ cd

respectively

∇2S − P δε∇[δ∇ε]S − RabR̃ab + 2R̃aβ∇
aCβ + 2Raβ∇

aC̃β − 2∇αC̃β∇βCα

−C̃β(∇aRaβ − P δε∇[δRε]β) − Cβ(∇aR̃aβ − P δε∇[δR̃ε]β) + 2(C̃αRbα + CαR̃bα)∇bΦ

−2(Cα∇αC̃β + P βα(∇αS + CγR̃γα + C̃γRγα))∇βΦ − 2(C̃α∇αCβ − Pαβ(∇αS

+CγR̃γα + C̃γRγα))∇βΦ = 0, (5.49)

∇2S̃ac − P δε∇[δ∇ε]S̃ac − RedR̃edac + 2R̃bδac∇
bCδ + 2Rbδ∇

bC̃ac
δ

−2∇βC̃ac
δ∇δC

β − 2∇δS̃baC̃c
bδ

– 16 –



J
H
E
P
0
1
(
2
0
0
7
)
0
4
2

−Cβ(∇dR̃dβac − P δε∇[δR̃ε]β + 2R̃βδeaC̃c
eδ) − C̃ac

β(∇dRdβ − P δε∇[δRε]β)

+2(C̃ac
βRdβ + CβR̃dβac)∇

dΦ − 2Cδ∇δC̃ac
γ∇γΦ + 4S̃abC̃c

bγ∇γΦ

−2C̃ac
β∇βCγ∇γΦ = 0, (5.50)

∇2Sab − P δε∇[δ∇ε]Sab − R̃cdRcdab + 2Rcδab∇
cC̃δ + 2R̃cδ∇

cCab
δ

−2∇γC̃δ∇δCab
γ − 2∇δScaCb

cδ

−C̃γ(∇dRdγab − P δε∇[δRε]γab + 2RγδeaC̃b
eδ) − Cab

γ(∇dR̃dγ − P δε∇[δRε]γ)

+2(C̃γRdγab + Cab
γR̃dγab)∇

dΦ − 2Cab
γ∇γC̃δ∇δΦ + 4SacCb

cδ∇δΦ

−2C̃γ∇γCab
δ∇δΦ = 0, (5.51)

∇2Sabcd − P δε∇[δ∇ε]Sabcd − R̃ef
cdRefab + 2R̃fεcd∇

fCab
ε + 2Rfεab∇

f C̃cd
ε

−2∇εC̃cd
γ∇γCab

ε + 2∇εSafcdCb
fε + 2∇εSabcdC̃d

fε

−Cab
ε(∇eR̃eεcd − P δγ∇[δR̃γ]εcd + 2R̃εδecC̃d

eδ) − C̃cd
ε(∇eReεab

−P δγ∇[δRγ]εab)+2(C̃cd
εReεab+Cab

εR̃eεcd)∇
eΦ−2Cab

γ∇γC̃cd
ε∇εΦ+4Sabcf C̃d

fε∇εΦ

−2C̃cd
γ∇γCab

ε∇εΦ + 4SafcdCb
fε∇ebΦ = 0. (5.52)

Since the Bianchi identities allow to write the curvature components in terms of the

torsion components, we expect that the beta functions of the third set will be implied by

the eight beta functions already proven, i.e first and second set. In the same way we expect

that the beta functions of the fourth set will also be implied by the first two sets of beta

functions since the constraints coming from holomorphicity and antiholomorphicity of the

BRST current allows to relate the background fields to some components of the torsion.

This is not too hard to check in the case of lower dimension, for example, at dimension 5/2

consider the beta functions coming from the coupling to JΠ
β

∇aRaβ + ∇(εRβ)δP
δε + 2(∇βCα − RβγP γα)∇αΦ + 2Cα∇α∇βΦ = 0. (5.53)

By using Raβ = Taβ
γΩγ and Rβδ = ∇βΩδ, which follow from the definition of the curvature,

and Cβ = PαβΩα, which follows from the antiholomorphicity constraints, we find that

(5.53) can be written as

(∇cTcβ
α − 2∇βPαγ∇γΦ + 2Pαγ∇γ∇βΦ)Ωα = 0, (5.54)

so, the beta function (5.9) with dimension 2 implies (5.53) . Similarly we checked that

(5.10) implies (5.37) and that the beta functions with dimension 5/2 (5.11) and (5.12)

imply respectively the beta functions with dimension 3 (5.40) and (5.41) .

We have not found proofs for the vanishing of the remaining beta functions, since this

task becomes clumsy as the dimension increases. Nevertheless, given the above explanation,

we consider our work sufficient to assure that the beta functions vanish as a consequence

of the classical BRST symmetry of the action for the Type II superstring in a generic

supergravity background.
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